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Abstract. We theoretically study the critical speed for superfluid flow of a two-dimensional miscible binary
superfluid of light past a polarization-sensitive optical obstacle. This speed corresponds to the maximum
mean flow velocity below which dissipation is absent. In the weak-obstacle regime, linear-response theory
shows that the critical speed is set by Landau’s criterion applied to the density and spin Bogoliubov modes,
whose relative ordering can be inverted due to saturation of the optical nonlinearity. For obstacles of arbi-
trary strength and large spatial extent, we determine the critical speed from the conditions for strong
ellipticity of the stationary hydrodynamic equations within the hydraulic and incompressible approxima-
tions. Numerical simulations in this regime reveal that the breakdown of superfluidity is initiated by the
nucleation of vortex-antivortex pairs for an impenetrable obstacle and of Jones-Roberts solitons for a pen-
etrable obstacle. Beyond superfluids of light, our results provide a general framework for the critical speed
of two-dimensional binary nonlinear Schrödinger superflows, including Bose-Bose quantum mixtures.

1 Introduction

Realized in liquid helium [1], quantum gases [2], and
polariton condensates [3], superfluids provide an ideal
platform for exploring macroscopic quantum phenom-
ena, ranging from dissipationless flow to collective and
topological excitations. Among these systems, Bose-
Bose superfluid mixtures have attracted considerable
research interest. This is reflected in a wide range of
experimental investigations on quantum hydrodynam-
ics [4–6], sound modes [7–9], topological defects [10–12],
and miscibility problems [13–16] (see also Refs. [2,17–
21] and [22–28] for comprehensive reviews and theoret-
ical background).

These binary superfluids typically consist of two dis-
tinct internal states (or, in some cases, two differ-
ent species) whose coupled coherent dynamics can be
described by two macroscopic wave functions, ψ+ and
ψ−. The squared modulus and phase gradient of ψ±
yield the hydrodynamic density ρ± and velocity v±,
respectively, of the components in the ± state. This
dual composition enriches the system’s overall behav-
ior, giving rise to two distinct yet typically hybridized
excitation modes: a density mode, involving fluctuations
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in the superfluid’s total density ρ+ + ρ− and velocity
v+ + v−; and a spin mode, associated with variations in
the relative density ρ+ − ρ− and velocity v+ − v− [2].

Intriguingly, the physics governing these binary quan-
tum mixtures finds a remarkable counterpart in a seem-
ingly unrelated classical system: the paraxial propaga-
tion of a two-polarization laser beam in a nonlinear
medium [29–32]. In this all-optical platform, the two
orthogonal polarization states of light behave analo-
gously to two distinct superfluid components, exhibit-
ing a coupled coherent dynamics akin to that of Bose-
Bose superfluid mixtures. This analogy extends to
the polarization degrees of freedom of light the well-
known resemblance between the nonlinear Schrödinger
equation of scalar paraxial optics [29] and the Gross-
Pitaevskii equation for scalar Bose-Einstein conden-
sates [2], a correspondence that has been extensively
explored in both theoretical [33–42] and experimen-
tal [43–52] studies. An advantage of such binary super-
fluids of light is their accessibility at room temperature
in tabletop setups, in contrast to the demanding ultra-
cold engineering needed for atomic superfluids.

Motivated by seminal theoretical studies [53,54], a
recent experimental work [55] has reported the obser-
vation of the density and spin modes in a binary
superfluid of light within the miscible repulsive regime,
where intracomponent repulsion dominates over inter-
component repulsion [2]. The authors have measured
the dispersion relations of these collective excitations,
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which take the form of density and spin Bogoliubov
phonons [2]. Notably, in this system, the correspond-
ing speeds of sound have been found to display an
unexpected inversion due to saturation of the optical
nonlinearity. As a result, Landau’s criterion for super-
fluidity—dissipationless flow—may apply to the den-
sity mode rather than the spin mode, contrary to pre-
dictions based on the two-component Gross-Pitaevskii
equation in the miscible repulsive phase [2,7–9].

Based on previous theoretical work [56–66], the
present study thoroughly investigates the critical speed
below which this intrinsically two-dimensional (2D) sys-
tem exhibits superfluid flow past a localized obstacle.
It also provides a qualitative overview of the obstacle-
induced fluid’s excitations just above this speed. Cru-
cially, the obstacle is taken to be polarization-sensitive,
enabling it to excite not only the density mode but also
the spin mode of the superfluid, and its parameters are
explored across a wide range. While our analysis fully
accounts for the optical saturation effects observed in
Ref. [55], in the weak-saturation regime, it also formally
applies to Bose-Bose superfluid mixtures realized with
ultracold atoms.

The paper is structured as follows. Section 2 intro-
duces the hydrodynamic equations governing the sys-
tem, focusing on the total and relative densities and
velocities of the binary superfluid of light. Section 3
then analyzes the system’s flow in the regime where
the obstacle potential acts as a weak perturbation com-
pared to the interaction energy. This approach allows
for the determination of the critical speed based on Lan-
dau’s criterion, applied to the density and spin Bogoli-
ubov modes identified in Ref. [55]. The corresponding
onset of dissipation, resulting from excitation of these
modes, is investigated through the drag force exerted
by the superfluid on the obstacle. Section 4 goes beyond
perturbation theory to characterize the critical speed as
a function of the obstacle’s amplitudes. This is done for
an obstacle of large spatial extent, by analyzing the con-
ditions for strong ellipticity of the stationary flow equa-
tions within the hydraulic and incompressible approx-
imations. This section also explores the breakdown of
superfluidity in this regime through real-time numeri-
cal simulations, revealing that dissipation is triggered
by the emission of vortex and soliton structures in both
components. Finally, Sect. 5 summarizes the main con-
clusions and outlines prospects for future research.

2 Model equations

In this section, we first describe the optical setup of
interest, followed by the introduction of the wave equa-
tion that governs the dynamics of the binary superfluid
of light. We then derive a hydrodynamic formulation
for it and, finally, establish the model describing the
flow incident on the obstacle.

2.1 Binary superfluid

We consider a polarized, monochromatic laser beam
propagating along the z axis of a nonlinear medium.
In the basis of left- (+) and right- (−) circular polar-
izations, σ̂± = (x̂ ± iŷ)/

√
2, its complex-valued elec-

tric field in the transverse x−y plane can be expressed
as [29]

E = (ψ+σ̂+ + ψ−σ̂−)ei(kz−ωt), (1)

where ω/(2π) denotes the laser frequency and k is
the propagation wave number. The two amplitudes
ψ+(r = xx̂ + yŷ, z) and ψ−(r, z) are generally different,
so that (1) accounts for any possible polarization of the
laser. The nonlinear medium in which the beam prop-
agates is characterized by the local refractive index

n± = n0 + n1,±(r) +
n2I± + n2,+−I∓

1 + I/Isat
. (2)

In this equation, n0 is a uniform background contri-
bution, which defines the wave number k = n0ω/c0,
with c0 the vacuum speed of light. The linear contri-
bution n1,±(r) accounts for birefringence [29], i.e., it
depends on the polarization state of the field (1), and
is also assumed to depend on the transverse spatial
coordinates x and y. In practice, such a spatial depen-
dence can be achieved using an intense auxiliary laser
beam of waist w, with both negligible diffraction and
(de)focusing as it propagates along the z axis [45,49].
The contribution n1,±(r) then typically falls rapidly
to zero for distances r = |r| larger than w. The last
term on the right-hand side of Eq. (1) is the nonlin-
ear contribution to the refractive index (also birefrin-
gent in general), as characterized in Ref. [55]. Here,
n2 = n2,++ = n2,−− and n2,+− are the two independent
nonlinear-refractive-index coefficients of the medium,
I± = n0ε0c0ρ±/2 denotes the local intensity of the ±
wave, with ρ± = |ψ±|2 and ε0 the vacuum permittiv-
ity, and I = I+ + I− is the total intensity of the laser.
The I/Isat dependence of the denominator accounts for
the saturation of the optical nonlinearity observed in
Ref. [55] when I gets larger than some intensity Isat [45,
49,52]. When I � Isat, the nonlinear contribution is
reduced to the usual Kerr response n2I± + n2,+−I∓ of
the medium to the optical field (1) [29].

The laser amplitudes ψ+(r, z) and ψ−(r, z) in (1) are,
by nature, slowly varying functions of z. They satisfy, in
the paraxial approximation [29] and for the refractive
index (2), the inhomogeneous nonlinear Schrödinger-
type equation

i∂zψ± =
[
−∇2

2k
+ U±(r) +

gρ± + g+−ρ∓
1 + ρ/ρsat

]
ψ±, (3)

where ∇ = ∂r and we have defined
U±(r)= − kn1,±(r)/n0, (g, g+−)= − k(n2, n2,+−)ε0c0/2,
ρ = ρ+ + ρ−, and ρsat = 2Isat/(n0ε0c0). By analogy
with the two-component Gross-Pitaevskii equation that
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describes the mean-field dynamics of a Bose-Bose super-
fluid mixture [2], Eq. (3) can be interpreted as govern-
ing the evolution, in the effective time variable z, of the
wave function ψ± = √

ρ± exp(iφ±) of the ± component
of a 2D binary superfluid of photons of mass k. Here,
ρ± and v± = ∇φ±/k represent the local and instanta-
neous density and velocity, respectively, of each compo-
nent in the x−y plane. The potential U±(r) describes
a localized, static obstacle affecting the flow of the ±
component. This potential is centered at r = 0 and van-
ishes for distances r � w. For concreteness, we model
it as a disk of radius w and constant amplitude U±:

U±(r) = U±Θ(w − r), (4)

where Θ is the Heaviside step function. A comparison of
Refs. [65,66] with [67,68] shows that this simple model-
ing is well suited to describe realistic situations [where
the obstacle potential U±(r) � U± exp(−r2/w2) is, e.g.,
closer to a Gaussian function] while providing a com-
prehensive analytical framework for the critical speed.
In this article, we restrict our study to a repulsive obsta-
cle potential, corresponding to U± > 0. The sum of its
two components U+(r) and U−(r) and the difference
between the two are, respectively,

U(r) = UΘ(w − r), U = U+ + U− > 0, (5)

and

u(r) = uΘ(w − r), u = U+ − U− ∈ (−U,U). (6)

Finally, the nonlinear term on the right-hand side of
Eq. (3) describes intra- (g) and intercomponent (g+−)
interactions. In this work, we assume that g > g+− > 0,
which is the miscible repulsive regime experimentally
investigated in Ref. [55].

To ensure concise notations, from now on we work
with dimensionless units, defined with respect to a ref-
erence density ρref that will be specified in Sect. 2.2.
Specifically, we normalize densities by ρref , energies by
μ = gρref , time variables by 1/μ, position variables by
ξ = 1/(kμ)1/2, and velocities by c = 1/(kξ). In these
units, Eq. (3) becomes

i∂zψ± =
[
−∇2

2
+ U±(r) +

ρ± + αρ∓
1 + βρ

]
ψ±, (7)

where the coefficient

α =
g+−
g

∈ (0, 1) (8)

quantifies intercomponent interactions relative to intra-
component interactions, and

β =
ρref

ρsat
(9)

determines the saturation degree of the optical non-
linearity. Assuming ρref �= ρsat, the limits β � 1 and

β � 1 correspond to the Kerr and saturated regimes,
respectively.

2.2 Hydrodynamic description

The wave equation (7) admits a convenient hydrody-
namic representation, based on the following parametri
zation of ψ+ and ψ− (see, e.g., Refs. [69,70]):

[
ψ+

ψ−

]
=

√
ρeiΦ/2

[
cos(θ/2)eiφ/2e−iμ+z

sin(θ/2)e−iφ/2e−iμ−z

]
. (10)

This representation is equivalent to parametrizing the
+ and − densities as ρ+ = ρ cos2(θ/2) and ρ− = ρ sin2

(θ/2), and the phases as φ± = (Φ ± φ)/2 − μ±z. From
this, we obtain the following combinations:

{
ρ+ + ρ− = ρ

v+ + v− = ∇Φ ≡ 2V
,

{
ρ+ − ρ− = ρ cos θ ≡ σ

v+ − v− = ∇φ ≡ v
.

(11)
These relations allow for a clear physical interpre-
tation of the various fields: ρ(r, z) is the total den-
sity of the binary superfluid (as already introduced
in Sect. 2.1); V(r, z) and Φ(r, z) correspond to the
mean (or center-of-mass) velocity and the total-velocity
potential; σ(r, z) and θ(r, z) describe the relative (or
spin) density (such that |σ|/ρ < 1) and the “magneti-
zation” angle; and v(r, z) and φ(r, z) are the relative
velocity and the corresponding potential. Finally, μ±
denotes the chemical potential of the ± component.
Insertion of definitions (10) and (11) into Eq. (7) results
in the following, coupled hydrodynamiclike equations
for the real fields ρ, Φ, θ, and φ:

∂zρ = −∇ · (ρV) − ∇ · (ρv cos θ)
2

, (12)

∂zΦ = μ+ + μ− − (1 + α)ρ
1 + βρ

− U(r) − V 2 − v2

4

+
∇2√ρ√

ρ
+

∇ · (ρ∇θ)
2ρ tan θ

− (∇θ)2

4
, (13)

∂zθ = −V · ∇θ +
∇ · (ρv sin θ)

2ρ
, (14)

∂zφ = μ+ − μ− − (1 − α)ρ cos θ

1 + βρ
− u(r) − V · v

−∇ · (ρ∇θ)
2ρ sin θ

. (15)

It is worth noting that Eqs. (12) and (14) can be refor-
mulated in the compact form

∂z

[
ρ
σ

]
= −∇ ·

([
ρ
σ

]
V +

[
σ
ρ

]
v
2

)
, (16)

which will be used in Sect. 4. Equation (16) gives the
continuity equations for the total and relative densities,
while Eqs. (13) and (15) are the unsteady Bernoulli
equations for the corresponding velocity potentials.
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In what follows, we consider a flow that is homoge-
neous (r independent) and stationary (z independent)
at large distance from the obstacle in the x−y plane. We
denote the constant total density of this flow by ρ0, and
choose it, in proper units, as the reference density intro-
duced in Sect. 2.1: ρref = ρ0. Thus, in dimensionless
units, we have ρ0 = 1. Furthermore, its constant mean
velocity is taken to be V0 = V0x̂, pointing along the
positive-x direction without loss of generality. Finally,
we consider the simplest case where both its relative
density and velocity vanish, i.e., σ0 = 0 (corresponding
to equal component densities: ρ±,0 = 1/2) and v0 = 0
(equal component velocities: v±,0 = V0), respectively.
Under these conditions, far from the obstacle, the fields
approach the asymptotic configuration

⎡
⎢⎣

ρ
Φ
θ
φ

⎤
⎥⎦ �

r�max{1,w}

⎡
⎢⎣

1
2V0x
π/2
0

⎤
⎥⎦ , (17)

up to irrelevant additive constants for the potentials
Φ and φ, and an inconsequential congruence modulo
π for the angle θ. Solution (17) to Eqs. (12)–(15) fixes
the value of the chemical potentials: μ± = (μ0 + V0

2)/2,
where

μ0 =
1 + α

1 + β
. (18)

As demonstrated numerically [36,37] and experimen-
tally [45,49] in the case of a single-component super-
fluid of light, such a 2D stationary state is expected
to be spontaneously reached after some propagation
time z from the entrance of the medium. In prac-
tice, in a manner similar to Refs. [45,49], it can be
realized by superimposing two wide, top-hat-shaped
+ and − polarized beams with equal incident inten-
sities, I±,0 ≡ n0ε0c0ρ0/4, and tilting them slightly
by the same incidence angle with respect to the
z axis (here along the positive-x direction), α±,0 ≡
arctan(|∇φ±,0|/k) = arctan V0 � V0 � 1.1 This config-
uration, including the auxiliary beam creating the
obstacle potential U±(r), is illustrated in Fig. 1.

In Sect. 3, we study the condition for superfluidity of
this flow when the influence of the obstacle on the fluid
can be treated perturbatively. In Sect. 4, we extend the
analysis beyond this perturbative regime.

3 Linear response

As a first approach, we analyze how the flow behaves
in the presence of the obstacle within linear-response

1 Despite this finite α±,0, we keep the carrier propagation
along the z axis and the envelope polarization in the x−y
plane. This is legitimate in the limit α±,0 � V0 � 1 that
underlies Eq. (3). Corrections to this assumption are of
higher order and lie beyond the paraxial description of the
superfluid of light [53,54].

ψ+(r, z)ψ−(r, z)

U±(r)

Medium:
α, β

z

x

y

Superfluid:
ρ0, V0

Obstacle:
U , u

w

Fig. 1 By slightly tilting uniform, equally bright left- (+)
and right- (−) circularly polarized beams with same angle
with respect to the z axis (blue arrows), we create, in the
transverse x−y plane, a fully balanced binary superflow of
light with total density ρ0 and mean velocity V0, here along
the positive-x direction (blue spot in the zoom). This 2D
flow impinges on a birefringent optical obstacle of radius w,
characterized by total and relative potential amplitudes U
and u (red spot in the zoom). The obstacle can be created
using an auxiliary beam along the z axis (red arrow). The
medium (brown box) through which the lasers propagate
provides ±/± and +/− interactions (α) which saturate (β)
at high laser intensity

theory, which applies when the amplitude U± of the
potential (4) is much smaller than the typical interac-
tion energy μ0 defined in Eq. (18).

3.1 Landau’s criterion

In this regime, the obstacle induces slight deviations
δρ(r, z), δΦ(r, z), δθ(r, z), and δφ(r, z) = O(U±/μ0)
from the reference fields in (17), and linearization of
the flow equations (12)–(15) with respect to these fluc-
tuations leads to, in Fourier space,

(iΩ01 + L)

⎡
⎢⎢⎢⎣

δρ̃

δΦ̃

δθ̃

δφ̃

⎤
⎥⎥⎥⎦ = 2π

⎡
⎢⎢⎢⎣

0

ŨK

0
ũK

⎤
⎥⎥⎥⎦ δ(Ω − i0+), (19)

where 1 is the identity matrix and

L =

⎡
⎢⎢⎢⎢⎢⎣

0 K2

2 0 0

−K2

2 − 1+α
(1+β)2 0 0 0

0 0 0 −K2

2

0 0 K2

2 + 1−α
1+β 0

⎤
⎥⎥⎥⎥⎥⎦

.

(20)
In Eq. (19), f̃ =

∫
d2rdz f exp[−i(K · r − Ωz)] denotes

the Fourier transform, Ω0 = Ω − V0Kx is the energy of
the fluctuations δρ̃, δΦ̃, δθ̃, and δφ̃ in the reference
frame moving with velocity V0, and the infinitesimal
imaginary shift −i0+ is introduced so that the response
of the fluid to the presence of the obstacle is causal. This
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amounts to slowly branching the obstacle potential as
U±(r) ≡ U±(r, z) = U±(r) exp(ηz) with η → 0+ [71].

The block-diagonal nature of the matrix L defined in
Eq. (20) indicates that the linearized fluctuations of the
fluid correspond to two independent excitation modes.
The first mode, which is of density type and hereafter
indicated by the subscript “d,” corresponds to fluctu-
ations in the total fields ρ and Φ, and the second one,
which is of spin (“s”) type, corresponds to fluctuations
in the relative fields θ and φ [2]. Their respective dis-
persion relations, obtained from det(iΩ01 + L) = 0, are
given by Ω0 = ±Ωd and Ω0 = ±Ωs, where

Ωd,s =

√
K2

2

(
K2

2
+ 2cd,s

2

)
. (21)

They are of Bogoliubov type [2], quadratic (particlelike)
at large K and linear (phononlike) at small K, with
respective absolute speeds of sound

cd =

√
1 + α

2
1

1 + β
, cs =

√
1 − α

2
1√

1 + β
(22)

in the reference frame moving with velocity V0.
The Bogoliubov speed of sound cd(s) in Eq. (21) coin-

cides with Landau’s critical speed for energetic stability
of the fluid with respect to the density (spin) mode [2]:

V0 < min
K

Ωd(s)

K
= cd(s). (23)

When this condition is met, the density (spin) mode is
never stimulated, and the total (relative) density and
velocity of the fluid remain nearly unperturbed by the
obstacle. In contrast, when condition (23) is not satis-
fied, the fluid dissipates energy through the emission
of density (spin) Bogoliubov waves on top of back-
ground (17). The Landau condition for full energetic
stability—and thus superfluidity—is therefore, within
the present linear-response approach,

V0 < Vc = min{cd, cs}. (24)

For the sake of completeness, in Appendix A we also
give the Landau critical speed Vc in the two more
general cases where σ0 = 0 and v0 �= 0 (which corre-
sponds to a superfluid that is imbalanced in velocity far
from the obstacle: v+,0 �= v−,0), and where σ0 �= 0 and
v0 = 0 (superfluid imbalanced in density: ρ+,0 �= ρ−,0).

We show in Fig. 2 the behavior of the two speeds
of sound cd and cs as a function of the satura-
tion parameter β = 1/ρsat. In the Kerr regime β � 1,
the β contributions in the denominators of Eqs. (22)
can be neglected, yielding the simplified expressions
cd � [(1 + α)/2]1/2 and cs � [(1 − α)/2]1/2. These are
the well-known Bogoliubov speeds of sound for the den-
sity and spin modes, respectively, in the framework of
the two-component Gross-Pitaevskii equation (without
Rabi coupling between ψ+ and ψ−) [2]. In this regime,

0 1 2 3

β

0

0.25

0.5

0.75

V
0

Superfluid

s

d

d

s

cd

cs

Fig. 2 Density speed of sound cd [first equation
in (22); solid curve] and spin speed of sound cs (sec-
ond equation; dashed curve) as functions of the sat-
uration parameter β for the intercomponent interac-
tion constant α � 0.41 of Ref. [55]. The coordinates
of the intersection point are β = 2α/(1 − α) � 1.39
and cd,s = (1 − α)/[2(1 + α)]1/2 � 0.35. At low β,
in the Kerr regime, cd � [(1 + α)/2]1/2 � 0.84 and
cs � [(1 − α)/2]1/2 � 0.54. The shaded area represents
the parameter regime where condition (24) holds and the
two-component flow of mean asymptotic velocity V0 is
superfluid, within perturbation theory. The arrows indicate
the opening of the density (“d”) and spin (“s”) dissipation
channels as V0 is increased from the superfluid phase
at fixed β’s below (β = 0.5; Vc = cs � 0.44 < cd � 0.56)
and above (β = 2.5; Vc = cd � 0.24 < cs � 0.29) the curve
inversion at β � 1.39

cs < cd, so condition (24) is limited by the spin mode,
with a critical speed Vc = cs. As the saturation param-
eter β increases, cd decreases faster than cs, and for
β > 2α/(1 − α), cd becomes smaller than cs. This inver-
sion of the sound speeds was first reported in the exper-
iment of Ref. [55]. When it occurs, the critical speed
switches to Vc = cd. In Fig. 2, we highlight as a shaded
area the region in which the superfluidity condition (24)
is fulfilled, using the parameter value α � 0.41 adopted
in Ref. [55]. For this value, the speed-of-sound inversion
occurs at β � 1.39. It is also worth noting that cs → 0 in
the limit α → 1−, often referred to as the SU(2) or Man-
akov limit [72]. In this case, the spin branch Ωs � K2/2
of the Bogoliubov dispersion relation becomes purely
quadratic rather than linear at low K, and the flow is
consequently always dissipative according to Landau’s
criterion. This regime marks the onset of large relative
fluctuations leading to phase separation [2], and thus
lies beyond the scope of the present work.

3.2 Drag force

A natural way to characterize the superfluidity of the
flow and the opening of the density and spin dissipation
channels at cd and cs is to compute the drag force F
exerted by the fluid on the obstacle: a nonzero F implies
dissipation through the emission of density, spin, or
both density and spin excitations, whereas F = 0 cor-
responds to a superfluid flow. We define this drag force
in a manner similar to that in, e.g., Refs. [56,57]:
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F = 〈∇U(r)〉, where U(r) = diag[U+(r), U−(r)] repre-
sents the obstacle potential and 〈f〉 =

∫
d2r 〈ψ|f |ψ〉

denotes the average over the superfluid wave function
|ψ〉 = t[ψ+ ψ−]. This gives, integrating by parts,

F = −
∫

d2r [U+(r)∇ρ+ + U−(r)∇ρ−]. (25)

Interestingly, one can show [37] that (25) is proportional
to the genuine radiation force [73,74] experienced by the
medium (at low optical nonlinearity).

Expanding ρ± = (1 + δρ ∓ δθ)/2 to first order in
the density fluctuations δρ and δθ, we get F =
− ∫

d2r [U(r)∇δρ−u(r)∇δθ]/2, in which we can insert
the respective expressions of δρ and δθ deduced from
Eq. (19);2

δρ =
∫

d2K
(2π)2

−K2/2
Ωd

2 − (V0Kx − i0+)2
ŨKeiK·r,

(26)

δθ =
∫

d2K
(2π)2

K2/2
Ωs

2 − (V0Kx − i0+)2
ũKeiK·r. (27)

This yields

F =
i

4

∫
d2K
(2π)2

K2K
[ |ŨK|2
Ωd

2 − (V0Kx − i0+)2

+
|ũK|2

Ωs
2 − (V0Kx − i0+)2

]
. (28)

Due to parity symmetry of the obstacle potential along
the y axis, Fy in Eq. (28) is by construction identically
zero, so that the drag force F = F x̂ is aligned with the
mean asymptotic velocity. We evaluate F thanks to the
residue theorem and eventually find

F = πw2[U2IdΘ(V0 − cd) + u2IsΘ(V0 − cs)], (29)

where the integral

Id,s =
∫ 1

cd,s/V0

dX
XJ1(2

√
V0

2X2 − cd,s
2w)2√

(1 − X2)(V0
2X2 − cd,s

2)
(30)

involves the Fourier transform 2πwJ1(Kw)/K of the
Heaviside step function in Eqs. (5) and (6), J1 being the
Bessel function of the first kind. Similar perturbative
calculations of the drag in binary quantum fluids are
presented in Refs. [75–77].

The drag force (29) normalized to πw2U2 is plot-
ted as a function of V0 in Fig. 3. First, one notes
that F = 0 when V0 < min{cd, cs} = Vc. This is the
undeniable signature of superfluid motion, in agree-
ment with Landau’s prediction (24). Then, F under-
goes a sudden increase when V0 crosses Vc, and again

2 The phase fluctuations δΦ and δφ are obtained by sub-
stituting −iV0Kx into the numerator of the Fourier space
response functions in Eqs. (26) and (27), respectively.

0 0.5 1 1.5

V0

0

0.3

0.6

0.9

F
/
(π
w

2
U

2
)

(a)

Superfluid

cs cd

0.1 0.3 0.5
0

1

2
(b)

cd cs

Fig. 3 Normalized drag force F/(πw2U2) [Eqs. (29)
and (30)] experienced by the obstacle of radius w and total
and relative potential amplitudes U and u as a function
of the mean asymptotic velocity V0 of the flow. The two
graphs are plotted for the intercomponent interaction con-
stant α � 0.41 of Ref. [55], w = 10, and |u| = U . In panel a,
β = 0.5 (left arrow in Fig. 2) and cs � 0.44 < cd � 0.56; in
panel b, β = 2.5 (right arrow) and cd � 0.24 < cs � 0.29.
The shaded region corresponds to the dragless, superfluid
regime, which breaks down as soon as V0 exceeds the criti-
cal speed (a) Vc = cs or (b) Vc = cd

right above max{cd, cs}. This corresponds to the suc-
cessive openings of two channels of energy dissipation
for the fluid. When cs < cd as in Fig. 3a (cd < cs as
in Fig. 3b), the work −Fx imparted to the fluid is
dissipated by generating spin (density) waves when
cs < V0 < cd (cd < V0 < cs), and then additionally by
density (spin) waves when V0 > cd (V0 > cs). Finally,
at larger velocities V0, the obstacle potential becomes
a weak perturbation compared to the kinetic energy of
the fluid. As a result, in the limit V0 → ∞, the flow is
less and less perturbed by the obstacle and F → 0, in
agreement with physical intuition.

Assuming the peaks observed in the drag force are
well separated from one another, the amplitudes of
the V0 � cd and V0 � cs peaks are proportional to U2

and u2, respectively [see Eq. (29)]. When u = 0, i.e.,
U+ = U−, only the V0 � cd peak remains, which sig-
nals that dissipation occurs solely through the emission
of density waves [the spin fluctuations δθ and δφ are
indeed zero in this case; see Eq. (27) and footnote 2].
This underscores the necessity of a birefringent obsta-
cle potential to excite the spin mode, at least when this
obstacle is small.

We also note that the larger the radius w of the obsta-
cle, the better resolved these peaks are. Their typical
width is indeed proportional to 1/w [see Eq. (30)], so
that the peaks are well resolved when w|cd − cs| � 1.
The observed small oscillations stem from the J1

function in Eq. (30). These oscillations are absent
when a smoothed version of the sharp disk (4) is
employed, and a fortiori with a standard Gaussian
potential. In the limit w → 0 with w2U± = O(1), the
obstacle potential (4) becomes pointlike and the drag
force F ∝ (V0

2 − cd,s
2)/V0 [57] above cd,s grows almost

linearly with V0, with distinct slopes depending on
whether V0 is smaller or larger than max{cd, cs}.
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Concluding Sect. 3, we have identified two mean
velocity thresholds for excitation of the two-component
superfluid. Within linear-response theory, these are the
speeds cd and cs of Bogoliubov phonons in the density
and spin modes. Below the lowest of these two speeds,
the flow is superfluid with zero drag. Wave resistance,
following a terminology established in the context of
capillary-gravity waves [78], is abruptly activated above
this critical speed, resulting in significant drag due to
emission of density and spin Bogoliubov waves. How-
ever, linear-response theory does not predict how the
critical speed depends on the characteristic parame-
ters of the obstacle potential, such as its amplitudes for
instance. To explore this dependence, we must employ
a theoretical approach that extends beyond. This is
addressed in the subsequent section.

4 Nonlinear response

Hydrodynamically, superfluid motion is characterized
by a stationary flow that monotonically flattens far
from the obstacle. In the present section, we derive
the conditions for the existence of such a flow in the
presence of a repulsive obstacle potential with arbitrary
total and relative amplitudes U > 0 and −U < u < U
[see Eqs. (5) and (6)]. In doing so, we go beyond the
linear-response regime (U, |u| � μ0) investigated in the
previous section. We show that these conditions reduce
to requiring that the mean asymptotic velocity V0 be
bounded by a critical value Vc, which depends on U and
u, and can naturally be identified as the critical speed
for superfluidity.

To make the problem analytically tractable, we
restrict our attention to an obstacle of radius w � 1,
i.e., in proper units, larger than the characteristic heal-
ing length ξ = 1/(kgρ0)1/2 introduced in Sect. 2. In this
regime, the hydrodynamic fields vary in the x−y plane
on length scales of the order of w, so that all the dis-
persive, gradient-type terms in Eqs. (13) and (15) can
be neglected. This dispersionless approach, sometimes
referred to as the hydraulic approximation [79,80], may
be regarded as a generalization of the Thomas-Fermi
approximation [2] to nonzero flow velocity, and is rele-
vant for experiments [45,49].

As previously mentioned, we focus on a stationary (z-
independent) flow. Correspondingly, the two continuity
equations (16) read

∇ ·
([

ρ
σ

]
V +

[
σ
ρ

]
v
2

)
=

[
0
0

]
, (31)

and the two Bernoulli equations (13) and (15) become,
in the hydraulic approximation,

(1 + α)ρ
1 + βρ

= μ0 − UΘ(w − r) − (V 2 − V0
2) − v2

4
,

(32)
(1 − α)σ
1 + βρ

= −uΘ(w − r) − V · v. (33)

The first two equations (31) constitute the differen-
tial part of the problem, while the subsequent two
equations (32) and (33) provide algebraic relations
between the densities ρ, σ and the velocities V, v of
the binary superfluid. Importantly, we restrict ourselves
to hydrodynamic solutions [ρ(r),V(r), σ(r),v(r)] that
approach the uniform configuration (1, V0x̂, 0, 0) at a
large distance r � w from the obstacle, as specified
in Eq. (17), but with the additional requirement that
this convergence be monotonic (i.e., typically without
damped oscillations). Our aim is to determine the con-
dition under which such superfluid-type solutions exist,
expressed in terms of the mean asymptotic velocity V0

for given obstacle (U , u) and fluid (α, β) parameters.

4.1 Elliptic flow

Fundamentally, such superfluid solutions exist provided
the two coupled partial differential equations in (31) are
strongly elliptic. This condition is satisfied when the
slopes dx/dy of the characteristic curves x = x(y) of
these equations (i.e., their characteristic velocities) are
purely imaginary. This mathematical property ensures
that the solutions of (31) monotonically approach a uni-
form flow in all directions far from the perturbing obsta-
cle, a hallmark of superfluid motion. First proposed by
Frisch, Pomeau, and Rica [58] in the framework of the
2D scalar cubic nonlinear Schrödinger equation, this cri-
terion has since become a standard tool [59–66] which
applies to any model of superflow in any dimension of
space.

To implement this criterion in practice, a possibility
is to follow Chaplygin’s method, which uses the hodo-
graph transform [81,82] to nonperturbatively linearize
the continuity equation, thereby allowing the classifica-
tion of (31) as elliptic. Here, however, we adopt a less
demanding yet equally predictive approach, inspired by
Refs. [60,61]. This method analyzes (31) in the imme-
diate vicinity of the points where the energetic instabil-
ities associated to the breakdown of superfluidity arise.
As will be shown numerically in Sect. 4.4, these instabil-
ities grow either at the poles of the obstacle (x = 0 and
y = ±w±) or within the obstacle itself (r < w), where
the local velocities of the flow are approximately aligned
with the x axis:

(Vx, Vy) � (sV, 0), (vx, vy) � (s′v, 0), (34)

with s = sgn(Vx) and s′ = sgn(vx). As will be shown in
Sect. 4.2, this alignment is exact under the incompress-
ible approximation for the velocity fields.
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As a result, in these regions of the plane, the conti-
nuity equations (31) simplify to

[
ρ
σ

]
∂xVx + sV ∂x

[
ρ
σ

]
+

[
ρ
σ

]
∂yVy

+
[
σ
ρ

]
∂xvx

2
+ s′ v

2
∂x

[
σ
ρ

]
+

[
σ
ρ

]
∂yvy

2
=

[
0
0

]
,

(35)

and the scalar product V · v = ss′V v in the second of
the Bernoulli equations (32) and (33). These last two
equations show that ρ and σ depend on the magnitudes
V and v of the velocity fields. It then follows that the
spatial derivatives of ρ and σ in Eq. (35) can be rewrit-
ten in terms of derivatives with respect to V and v,
according to ∂x(ρ, σ)=∂V (ρ, σ)∂x(Vx/s)+∂v(ρ, σ)
∂x(vx/s′). This leads to

([
ρ
σ

]
+ V ∂V

[
ρ
σ

]
+ ss′ v

2
∂V

[
σ
ρ

])
∂xVx +

[
ρ
σ

]
∂yVy

+
([

σ
ρ

]
+ v∂v

[
σ
ρ

]
+ ss′2V ∂v

[
ρ
σ

])
∂xvx

2
+

[
σ
ρ

]
∂yvy

2

=
[
0
0

]
. (36)

Next, we use Eqs. (32) and (33) to make explicit the
velocity derivatives of ρ and σ in Eq. (36). We find

⎧⎪⎪⎨
⎪⎪⎩

∂V ρ

ρ
= − V

c̃d
2

∂vρ

ρ
= −1

4
v

c̃d
2

, (37)

⎧⎪⎪⎨
⎪⎪⎩

∂V σ

ρ
= −ss′ 1

2
v

c̃s
2

− βσ

1 + βρ

V

c̃d
2

∂vσ

ρ
= −ss′ 1

2
V

c̃s
2

− 1
4

βσ

1 + βρ

v

c̃d
2

, (38)

where we have introduced the local density and spin
speeds of sound

c̃d =

√
1 + α

2

√
ρ

1 + βρ
, c̃s =

√
1 − α

2

√
ρ

1 + βρ
. (39)

When ρ = ρ0 = 1, these expressions obviously coincide
with the uniform expressions (22) for the weakly per-
turbed superfluid. Substituting Eqs. (37) and (38),
together with the definitions Vx,y=∂x,yΦ/2 and
vx,y=∂x,yφ, into Eq. (36) finally leads to the following
matrix equation for the velocity potentials Φ and φ:

[
A∂xx + ∂yy D∂xx + σ

ρ ∂yy

C∂xx + σ
ρ ∂yy B∂xx + ∂yy

] [
Φ
φ

]
= 0, (40)

where A, B, C, and D are expressed as functions of the
local densities ρ, σ and velocities V , v as

A = 1 − V 2

c̃d
2

− 1
4

v2

c̃s
2

− ss′ 1
2

βσ

1 + βρ

V v

c̃d
2
, (41)

B = 1 − V 2

c̃s
2

− 1
4

v2

c̃d
2

− ss′ 1
2

βσ

1 + βρ

V v

c̃d
2
, (42)

C =
σ

ρ
− βσ

1 + βρ

V 2

c̃d
2

− ss′ 1
2

(
1

c̃d
2

+
1

c̃s
2

)
V v, (43)

D =
σ

ρ
− 1

4
βσ

1 + βρ

v2

c̃d
2

− ss′ 1
2

(
1

c̃d
2

+
1

c̃s
2

)
V v.

(44)

From the vanishing of the determinant of the princip
al-symbol matrix of the differential operator in Eq. (40),
we obtain the equation of the characteristic curves of
the continuity equation (40) [83]:

Adx4 + Bdx2dy2 + Cdy4 = 0, (45)

where the coefficients A, B, and C are expressed in
terms of σ/ρ, A, B, C, and D as

A = 1 − σ2

ρ2
> 0, (46)

B = A + B − σ

ρ
(C + D), (47)

C = AB − CD. (48)

Solving the quartic equation (45) provides the charac-
teristic velocities dx/dy of Eq. (40):

(
dx

dy

)2

=
−B ± √B2 − 4AC

2A =
2C

−B ± √B2 − 4AC .

(49)
As explained above, Eq. (40) is strongly elliptic—
and the flow is therefore superfluid [60,61]—when
dx/dy ∈ iR. This condition is satisfied if and only if
all three of the following inequalities hold:

B > 0, C > 0, B2 − 4AC > 0. (50)

Although these local conditions may seem obscure
in their raw mathematical form, they are, in fact,
fully equivalent to a local density generalization of the
Landau criterion, which holds true in the hydraulic
approximation (see, e.g., Refs. [59,65,66,79] for single-
component superfluids). This equivalence will be illus-
trated in Sect. 4.3 in the case of an impenetrable-
obstacle potential.

A close inspection of Eqs. (32), (33), (39), (41)–(44),
and (46)–(48) shows that inequalities (50) involve only
the mean and relative velocities in the regions where
superfluidity breaks down [at (x, y) = (0,±w±) or for
r < w]. To recast these conditions into a single con-
straint on the incident velocity V0, thereby identifying
the critical speed Vc, we must first determine how these
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local velocities are related to V0. This is the purpose of
the next section.

4.2 Incompressible flow

To determine the mean and relative velocity fields V
and v, we treat the flow as incompressible. This involves
assuming that the total and relative densities ρ and
σ are independent of velocity, which is equivalent to
neglecting the kinetic terms in the Bernoulli equa-
tions (32) and (33). In this limit, ρ and σ become
piecewise-constant functions of the radial coordinate r:

(1 + α)ρ
1 + βρ

= μ0 − UΘ(w − r), (51)

(1 − α)σ
1 + βρ

= −uΘ(w − r), (52)

and the continuity equations (31) reduce to a simple
Laplace problem for the flow potentials Φ and φ:

∇2

[
Φ
φ

]
=

r≷w

[
0
0

]
,

[
Φ
φ

]
�

r�w

[
2V0r cos ϕ

0

]
, (53)

where ϕ denotes the angular coordinate of r =
r(x̂ cos ϕ + ŷ sin ϕ). Note that this incompressible
approach, first introduced in Ref. [58], was later extended
by Rica [62] using a Janzen-Rayleigh expansion [84,
85], a standard technique for capturing compressibil-
ity effects. Formally, this involves an expansion of
the velocity potentials in the compressibility 1/(kc2)
= 1/(gρ0) relative to 1/(kV0

2). Although the superfluid
is not strictly incompressible, recent findings [65,66]
indicate that the leading-order, incompressible approx-
imation is sufficient to capture the essential features
of the critical speed across a wide range of obsta-
cle strengths. Given its demonstrated accuracy in the
hydraulic regime, we adopt this simpler incompressible
framework here.

From Eqs. (51) and (52), we now express the densities
ρ and σ as functions of the obstacle amplitudes U and u.
This step, essential for determining the velocity fields,
also allows us to establish the domain of validity of
the incompressible approximation in terms of U and u.
Outside the obstacle, in the region r > w of the plane,
ρ and σ are simply [use Eq. (18) for μ0]

ρout = 1, σout = 0, (54)

while inside, for r < w, they take the form

ρin =
1 − U/μ0

1 + βU/μ0
, σin = −1 + α

1 − α

u/μ0

1 + βU/μ0
. (55)

For the first identity in (55) to be physically meaningful,
i.e., ρin > 0, the total potential amplitude U must sat-
isfy U/μ0 < 1. Together with the condition in Eqs. (5)

that the obstacle be repulsive, we thus obtain

0 <
U

μ0
< 1. (56)

We deduce that for U/μ0 > 1, ρin must identically
vanish since it cannot be physically negative. This
imposes ρ+,in = ρ−,in = 0, and thus σin must also
vanish. In this regime, the superfluid is completely
excluded from the interior of the obstacle poten-
tial, which can therefore be described as impene-
trable. In the penetrable regime (56), the condition
|σin|/ρin = |cos θin| < 1 must additionally be satisfied
for the second identity in (55) to be well defined. This
further constrains the relative potential amplitude u to
|u|/μ0 < [(1 − α)/(1 + α)](1 − U/μ0). Given the repul-
siveness condition in Eqs. (6), u must therefore lie
within the range

|u|
μ0

<

⎧⎪⎪⎨
⎪⎪⎩

U

μ0
if

U

μ0
<

1 − α

2
1 − α

1 + α

(
1 − U

μ0

)
if

U

μ0
>

1 − α

2

. (57)

In summary, two distinct regimes emerge within the
incompressible approximation for the velocity fields.
When U/μ0 > 1, the obstacle potential is impenetra-
ble, excluding the superfluid from its interior, so that
ρin = σin = 0. Conversely, in the penetrable regime (56),
the superfluid penetrates the obstacle and the interior
densities ρin and σin are given by Eqs. (55). Within
this regime, the current theory is limited to the U−u
domain specified by (57).

With this established, we now solve the Laplace prob-
lem (53), which in the presence of the obstacle must be
supplemented with the following continuity relations at
the r = w boundary:

[
Φ
φ

]
r=w+

=
[
Φ
φ

]
r=w−

, (58)
[
∂rΦ
∂rφ

]
r=w+

= ρin

[
∂rΦ
∂rφ

]
r=w−

+ σin

[
∂rφ
∂rΦ

]
r=w−

.

(59)

While Eqs. (58) ensure the continuity of the veloc-
ity potentials Φ and φ, Eqs. (59) enforce the conti-
nuity of the radial component of the current densities
ρV + σv/2 and σV + ρv/2 [we have used Eqs. (54)
for the exterior densities], which is a consequence
of (31) and holds in the hydraulic limit w � 1 [65,66].
We solve the Laplace equations in (53) using the
generic solution a0 + b0 ln r +

∑
n�1 rn(r)ϕn(ϕ), where

rn(r) = anrn + bnr−n, ϕn(ϕ) = cn cos(nϕ) + dn sin(nϕ),
and the coefficients a0, . . . , dn are determined from the
asymptotic and boundary conditions in Eqs. (53), (58),
and (59).3 The velocity fields V = ∇Φ/2 and v = ∇φ

3 We can also use the method of complex variables for pla-
nar potential flows [86], as done, e.g., in Ref. [62].
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are found to be

V = V0

⎧⎨
⎩
x̂ − Λ

w2

r2
(r̂ cos ϕ + ϕ̂ sin ϕ) if r > w

(1 + Λ)x̂ if r < w

,

(60)

v = V0

⎧⎨
⎩

λ
w2

r2
(r̂ cos ϕ + ϕ̂ sin ϕ) if r > w

−λx̂ if r < w

, (61)

where the scattering amplitudes

Λ =
1 − ρin

2 + σin
2

(1 + ρin)2 − σin
2
, λ =

4σin

(1 + ρin)2 − σin
2
. (62)

As indicated in Sect. 4.1, the superfluid conditions (50)
are derived in the vicinity of the obstacle’s poles,
at (r, ϕ) = (w+,±π/2), or inside the obstacle, for
r < w. At these locations, Eqs. (60) and (61) yield
V = V0(1 + Λ)x̂ and v = −V0λx̂ for the total and
relative velocity, respectively. Notice that these are
collinear to the mean asymptotic flow, thereby confirm-
ing the initial ansatz (34). Consequently, the magni-
tudes and signs of the local velocities appearing in (50)
must be identified to

{
V = V0|1 + Λ|
s = sgn(1 + Λ)

,

{
v = V0|λ|
s′ = −sgn(λ)

. (63)

In the next section, we simplify conditions (50) into
a single criterion for the mean asymptotic velocity V0.
The analysis relies on Eqs. (39), (41)–(44), and (46)–
(48), with the densities taken in the hydraulic approx-
imation from Eqs. (32) and (33), and the velocities
obtained in the incompressible approximation from
Eqs. (62) and (63). We first address the impenetrable-
obstacle regime U/μ0 > 1 (Sect. 4.3.1), where ρin = σin

= 0. We then turn to the penetrable-obstacle regime
(Sect. 4.3.2), where ρin and σin are given by Eqs. (55)
within the U−u domain defined by (56) and (57).

4.3 Critical speed

4.3.1 Impenetrable obstacle

When the obstacle potential is impenetrable, i.e.,
U/μ0 > 1, superfluidity breaks down at the obstacle’s
poles (r, ϕ) = (w+,±π/2), as will be shown numerically
in Sect. 4.4. At these points, the relative velocity v given
in Eqs. (62) and (63) is zero, because λ ∝ σin = 0. As a
result, the relative density σ deduced from Eq. (33) at
r = w+ also vanishes:

σ = 0, v = 0. (64)

Equations (41)–(44) therefore reduce to A = 1−
V 2/c̃d

2, B = 1 − V 2/c̃s
2, and C = D = 0, and

Eqs. (46)–(48) become A = 1, B = A + B, and C = AB.

This being so, the last superfluid constraint in (50) pro-
vides no further information, as it is automatically sat-
isfied: B2 − 4AC = (A − B)2 is indeed always positive.
The remaining constraints are A + B > 0 and AB > 0,
which yields the two inequalities

V < c̃d, V < c̃s. (65)

These conditions represent a local formulation of the
Landau criterion (24): for the flow to remain super-
fluid, the local mean velocity must be smaller than both
the local density and spin speeds of sound. While these
conditions are derived at the obstacle’s poles follow-
ing Refs. [60,61], Chaplygin’s method [81,82] ensures
their validity across the entire plane. Crucially, it can
be shown from Eqs. (32), (39), and (60) that V (r) is
maximized at the poles, whereas c̃d(r) and c̃s(r) are
simultaneously minimized there. Consequently, satisfy-
ing the criterion at these specific points is both nec-
essary and sufficient to ensure superfluidity globally,
providing a rigorous justification for the polar analysis
pioneered in Refs. [60,61]. This local Landau criterion
is also physically consistent with the hydraulic approxi-
mation [59,65,66,79], which assumes smoothly varying
densities and thus supports a local density description.

In inequalities (65), the mean velocity V is replaced
with 2V0 using Eqs. (62) and (63) with Λ = 1 (which
follows from ρin = σin = 0). The total density ρ in the
local speeds of sound c̃d and c̃s, on the other hand, is
deduced from Eq. (32) at r = w+, setting V = 2V0 and
v = 0 according to (64):

ρ =
1 − 3V0

2/μ0

1 + 3βV0
2/μ0

, V = 2V0. (66)

In turn, superfluid flow, encapsulated in inequali-
ties (65), is ensured as long as

V0 < Vc = min{V1, V2}, (67)

where the upper bounds V1 [obtained from the first
inequality in (65)] and V2 (second inequality) are
expressed in units of the Landau speeds of sound cd

and cs, respectively, as

V1

cd
=

√
(1 + β)[

√
(1 + β)(121 + 25β) − (11 + 5β)]

9β
,

(68)

V2

cs
=

√
2(1 + α)
11 + 5α

. (69)

Condition (67) defines Vc as the critical speed for super-
fluidity in the impenetrable-obstacle regime, within the
hydraulic and incompressible approximations. Based on
the mathematical decoupling of the ellipticity condi-
tions (50) into the mode-specific constraints V < c̃d and
V < c̃s [arising from the vanishing of the relative fields
in Eqs. (64)], one might naively associate V1 and V2
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Fig. 4 Threshold speeds V1 [Eq. (68); dark solid curve]
and V2 [Eq. (69); dark dashed curve] for an impenetrable-
obstacle potential (U/μ0 > 1). While V1 and V2 are for-
mally derived from the density- and spin-sector local con-
straints (65), respectively, the resulting excitations above
Vc = min{V1, V2} are hybridized (see Sect. 4.4). The curves
are plotted as functions of the saturation parameter β
for the intercomponent interaction constant α � 0.41 of
Ref. [55]. The light curves correspond to the linear-response,
density and spin speeds of sound cd and cs, originally shown
in Fig. 2. The shaded area highlights the parameter regime
where inequality (67) holds, and the flow of mean asymp-
totic velocity V0 is superfluid. Below (above) the intersec-
tion point β = α(11 + 5α)/(4 − 3α − α2) � 2.06, the criti-
cal speed for superfluidity is Vc = V2 (Vc = V1). In the Kerr
regime (β � 1), Vc = V2 � 0.25 while V1 � 0.36

with the critical speeds in the density and spin sectors,
respectively. However, as will be shown in Sect. 4.4, the
physical excitations generated above Vc = min{V1, V2}
appear indistinguishably in both the density and spin
maps. Indeed, in the impenetrable regime, the obstacle
naturally engenders a strongly nonlinear response that
typically results in significant mode hybridization. This
physical complexity motivates our use of the V1(2) nota-
tion, purposely avoiding a more reductive labeling such
as Vd(s).

As seen from Eqs. (68) and (69), V1 and V2 do not
depend on the obstacle’s amplitudes U and u, but only
on the superfluid’s parameters α and β. In Fig. 4,
we plot them as functions of the saturation param-
eter β, using the interaction constant α � 0.41 from
Ref. [55], as in Figs. 2 and 3. We observe that they
are essentially a renormalization of the Landau criti-
cal speeds cd and cs, shown in light color for compar-
ison. They exhibit a similar trend as a function of β
and, in particular, display a similar inversion occurring
at β = α(11 + 5α)/(4 − 3α − α2). Below (above) this
threshold, the critical speed for superfluidity is Vc = V2

(Vc = V1) according to condition (67), which is fulfilled
in the shaded region of the β−V0 plane. An interesting
limit is the Kerr regime β � 1, where one has

V1 �
√

2
11

cd, Vc = V2 =

√
2(1 + α)
11 + 5α

cs, (70)

with cd � [(1 + α)/2]1/2 and cs � [(1 − α)/2]1/2 (see
Sect. 3.1). In this regime and for a single-component

superfluid (α = 0), the critical speed Vc = V2 = V1

= (2/11)1/2/
√

2 matches the well-known result for a
2D scalar cubic nonlinear Schrödinger superflow [58,62]
with background speed of sound [(1 ± α)/2]1/2 = 1/

√
2.

4.3.2 Penetrable obstacle

For a repulsive and penetrable-obstacle potential [con-
dition (56)], superfluidity breaks down inside the obsta-
cle, as will be shown numerically in Sect. 4.4. In
this region of the plane, the densities within the
hydraulic approximation are given by Eqs. (32) and (33)
for r < w, while the velocities in the incompressible
approximation are obtained from Eqs. (62) and (63),
using the constant interior densities ρin and σin defined
in Eqs. (55) for u in the range (57).

In this regime, the three superfluidity conditions (50)
also reduce to a local Landau criterion, though not as
straightforward as criterion (65) for an impenetrable
obstacle. This criterion is a very nontrivial combina-
tion of local density extensions of the two Landau cri-
teria established in Appendix A. This complexity arises
from the fact that the relative potential amplitude u
is generically nonzero, which yields both nonvanishing
relative fields σ and v in the core equations (41)–(44)
and (46)–(48). Nevertheless, a symbolic-calculus ana-
lytical treatment of this local Landau criterion remains
possible and eventually leads to a condition of the form

V0 < Vc(U, |u|, α, β), (71)

where the critical speed Vc now depends explicitly on
the obstacle strengths U and u, unlike in Eqs. (67)–(69).
Interestingly, its dependence on the relative amplitude
u is solely on its absolute value, |u|. We do not provide
its exact expression here, as it exhibits prohibitively
cumbersome dependencies on U , |u|, α, and β.

Instead, Fig. 5 graphically shows Vc as a function of
U/μ0 and |u|/μ0. This critical surface (represented as
a blue, shaded sheet) is plotted for the interaction con-
stant α � 0.41 of experiment [55] and three saturation
parameters: β = 0, corresponding to the Kerr regime,
and β = 1 and β = 3. These values of β are chosen to
lie on either side of the transition point observed in
the weak- and impenetrable-obstacle regimes—where,
in the former, the critical speed shifts from the spin
to the density sector, while in the latter, the limit-
ing threshold switches between V2 and V1 (see Fig. 4).
The critical speed is defined within a triangular sup-
port corresponding to the range of applicability (57) of
our approach. Within this range, the parameter region
where the flow remains superfluid lies below the crit-
ical surface. The figure shows that the critical speed
Vc for a penetrable obstacle decreases with the poten-
tial amplitudes U and |u|. This is consistent with the
physical intuition that a stronger perturbation is more
detrimental to superfluidity. Furthermore, for fixed val-
ues of U and |u|, the critical speed is higher at smaller
saturation β, a behavior also observed for weak and
impenetrable obstacles (see Fig. 4).
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Fig. 5 Surface plot of the critical speed Vc(U, |u|, α, β) as
a function of the normalized obstacle amplitudes U/μ0 and
|u|/μ0 in the penetrable regime (56). The orange region in
the U/μ0−|u|/μ0 plane corresponds to the range of appli-
cability (57) of our approach. In this plot, the interaction
constant is set to the value α � 0.41 used in the exper-
iment of Ref. [55]. The blue, shaded sheets show Vc for
(a) β = 0 (Kerr regime), (b) β = 1, and (c) β = 3. For
U/μ0, |u|/μ0 � 1, Vc converges to the linear-response pre-
dictions: (a) cs � 0.54, (b) cs � 0.38, and (c) cd � 0.21 (see
Fig. 2)

The boundaries of the Vc surface also deserve a few
comments. First, in the region U/μ0, |u|/μ0 � 1 where
linear-response theory is valid, we recover that Vc con-
verges to the Landau critical speed cs � 0.54 (cs � 0.38,
cd � 0.21) when β = 0 (β = 1, β = 3), in agreement
with Fig. 2. Second, near the boundary u = 0, i.e., for
a nearly scalar obstacle, the critical speed takes a rela-
tively simple form in the Kerr limit β � 1:

Vc(U, |u| � μ0, α, β � 1)

�
√

2(1 + α)(1 − Ũ)(2 − Ũ)2

8 + Ũ(4 − Ũ) + α[8 − Ũ(4 − Ũ)]
cs, (72)

where Ũ = U/μ0 and cs � [(1 − α)/2]1/2 is the Kerr
speed of sound in the spin mode. Note that in the
weak-obstacle regime, the Landau critical speed is again
recovered: Vc(U � μ0, |u| � μ0, α, β � 1) � cs. Third,
Fig. 5 shows that Vc → 0 when (U/μ0, |u|/μ0) → (1, 0),
suggesting an apparent discontinuity with the finite
value of Vc found in Sect. 4.3.1 for the impenetrable case
U/μ0 > 1. In fact, the boundary between the penetra-
ble and impenetrable regimes, while sharp at the level

of our approximations, is expected to be smoothed by
quantum-pressure effects, as shown in Refs. [65,66,68].
Finally, it is worthwhile to stress that our results are
restricted to the orange region of obstacle amplitudes in
Fig. 5. Outside this region, the present framework must
be revisited: see Sect. 5 for further discussion about this
point.

In the next section, we complement our analytical
results with numerical simulations of the full wave equa-
tions in (7). This serves a dual purpose: first, to provide
physical insight into the excitations responsible for the
breakdown of superfluidity, and second, to provide vali-
dation of our analytical predictions for specific obstacle
and fluid parameters. Furthermore, these simulations
allow us to test the hypothesis that these excitations are
generated either at the poles of the obstacle or within
its core.

4.4 Numerical simulations

To gain deeper insight into the nature of the excitations
accompanying the breakdown of superfluidity in the
nonlinear regime, we complement the theoretical anal-
ysis presented above with numerical simulations whose
details are provided in Appendix B. We consider the
real-time propagation of a 2D quasi-plane-wave beam
with two balanced components past a two-amplitude
circular potential barrier of radius w with a smooth
hyperbolic-tangent boundary of small width δw [see
Eq. (B.2)]. The propagation along the z axis, ruled by
the two coupled equations in (7), is simulated using
the standard split-step Fourier method [31]. We fix the
obstacle geometry to w = 10 and δw = 1, the inter-
action parameter to α = 0.41 (consistent with experi-
ment [55]), and the saturation parameter to β = 0 (cor-
responding to the Kerr regime) without loss of gener-
ality (β �= 0 leads to a similar phenomenology for the
numerically observed excitations). The remaining con-
trol parameters in the simulations are the total and
relative obstacle amplitudes, U/μ0 and u/μ0 with μ0

from (18), and the input mean flow velocity V0 in the
positive-x direction.

We first focus on the impenetrable-obstacle regime
(U/μ0 > 1) studied in Sect. 4.3.1, choosing U/μ0 = 8
and |u|/μ0 = 2 as representative obstacle amplitudes.
Figure 6 shows the corresponding densities, phases,
and streamlines for the superfluid components (a,
b) ψ+ and (c, d) ψ− at specific effective propaga-
tion times z. Panels (a) and (b) display ρ+(x, y) and
[φ+(x, y),∇φ+(x, y) ≡ v+(x, y)], respectively, while
panels (c) and (d) show the same fields for the − wave.
Note that in the present nonlinear regime, the flow
dynamics exhibits an expected density-spin hybridiza-
tion. We choose to represent its excitations via its indi-
vidual + and − components, as density and spin rep-
resentations tend to merge these features into com-
plex, nontrivial structures that obscure the underlying
physics. For the chosen values of U and u, we numeri-
cally estimate a critical velocity Vc � 0.27, which is in
very good agreement with, albeit slightly higher than,
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Fig. 6 Evolution along the propagation axis—z = 80 for
the main images; z = 200 for the insets—of the 2D trans-
verse distributions for the two superfluid components
(a),(b) ψ+ and (c),(d) ψ− in the impenetrable-obstacle
regime (U/μ0 > 1). Panels (a) and (c) display the densi-
ties ρ+(x, y) and ρ−(x, y), respectively, while (b) and (d)
show the corresponding phase maps φ+(x, y) and φ−(x, y)
(color scale) and velocity fields ∇φ+(x, y) ≡ v+(x, y) and
∇φ−(x, y) ≡ v−(x, y) (orange streamlines). These snap-
shots are obtained from real-time numerical simulations of
the coupled system (7). The dashed circle indicates the edge
of the obstacle. The densities reveal the formation of a pair
of localized depletions in both components near the poles of
the obstacle when the mean flow velocity exceeds the critical
speed. At larger z, these defects are shed and migrate down-
stream, as shown in the insets. The phase and velocity maps
confirm the quantized vortex nature of these excitations,
characterized by opposite phase windings of +2π (lower
pole of the obstacle) and −2π (upper pole). The obstacle
radius (boundary width) is w = 10 (δw = 1), and its total
and relative amplitudes are U/μ0 = 8 and |u|/μ0 = 2. The
flow parameters are α = 0.41 [55], β = 0 (Kerr limit), and
V0 = 0.29 > Vc � 0.27 (Vc � 0.25 analytically)

the analytical prediction of Sect. 4.3.1. All the snap-
shots in Fig. 6 are obtained for a mean flow veloc-
ity V0 = 0.29, i.e., just above Vc. They clearly show
the nucleation, in both the + and − components, of
a quantized vortex (+2π phase winding) near the lower
pole of the obstacle, accompanied by an antivortex
(−2π phase winding) near the upper pole, before both
are shed into the wake as illustrated in the insets of pan-
els (a) and (c). Note that while the local velocity maxi-
mum is theoretically expected exactly at the poles (see
Sect. 4.3.1), our numerical simulations—which account
for both density gradients and compressibility—show
that the effective shedding occurs slightly downstream.
Indeed, the shedding dynamics favors the near-wake
regions, where the local pressure and flow conditions
can effectively “tear” the vortices away from the obsta-
cle surface. We also note that the dispersive terms
neglected in the hydraulic approximation—but fully
accounted for in the numerical integration of (7)—allow
for small evanescent penetrations of the wave functions
into the high-potential region. Although their densities

Fig. 7 Same as Fig. 6 but in the penetrable-obstacle
regime: U/μ0 < 1 and condition (57); here U/μ0 = 0.6475
and |u|/μ0 = 0.07375 (see footnote 4), with an effec-
tive propagation time z = 80 for the main images and
z = 120 for the insets. In each component, (a, b) ψ+ and
(c, d) ψ−, a Jones-Roberts soliton forms inside the obsta-
cle when the mean flow velocity exceeds the critical speed:
here, V0 = 0.15 > Vc � 0.13 (Vc � 0.14 analytically). In the
present configuration, panels (b) and (d) reveal closely
spaced +2π and −2π phase windings, indicating that these
Jones-Roberts solitons take the form of vortex-antivortex
dipoles. The insets in panels (a) and (c) show their evolu-
tion at a later z, highlighting trapping within the obstacle
and dynamical shedding, respectively

are here two orders of magnitude lower than in the
exterior, their phases remain well defined within the
obstacle. This ensures the continuity of the correspond-
ing velocity fields and explains why the streamlines in
panels (b) and (d) persist into the interior of the high
potential barrier.

Next, in Fig. 7, we present the same hydrodynamic
fields as in Fig. 6 but in the penetrable-obstacle regime
[U/μ0 < 1 and condition (57)] studied in Sect. 4.3.2.
Choosing U/μ0 = 0.6476 and |u|/μ0 = 0.0737,4 we
numerically estimate a critical velocity Vc � 0.13, in
very good agreement with the analytical prediction
Vc � 0.14 [blue surface (a) in Fig. 5]. The snapshots cor-
respond to a fluid velocity V0 = 0.15, i.e., slightly above
Vc. They reveal that superfluidity breaks down through
the formation of localized excitations inside the obsta-
cle, as anticipated in Sect. 4.3.2. These appear at differ-
ent positions in panels (a, b) and (c, d), as a result of the
different coupling of the two-amplitude obstacle poten-
tial to ψ+ and ψ−, which manifests through asymmet-
ric modifications of the local velocities in each compo-
nent.5 We confidently conjecture that these excitations

4 These obstacle amplitudes correspond to the point
(U/μ0|u|/μ0) = [(1 + t)/2, t/4] within the orange triangular
support shown in Fig. 5, with t ≡ (1 − α)/2 = 0.295 in the
specific case where α = 0.41.
5 In the case of a scalar obstacle, u/μ0 → 0 (U+ � U−),
these excitations are nucleated at the same position.
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Fig. 8 Same as Fig. 7 but for U/μ0 = 0.45, |u|/μ0 = 0.04,
V0 = 0.15, and z = 30. For this choice of parameters,
the Jones-Roberts solitons nucleated inside the penetrable
obstacle take the form of rarefaction waves, rather than
vortex-antivortex dipoles

are Jones-Roberts solitons [87–89], similar to those pre-
sumably observed in single-component superfluids of
light [49,66]. For the obstacle parameters considered
in Fig. 7, the phase and velocity maps in panels (b)
and (d) exhibit closely spaced +2π and −2π phase
windings. This indicates that these Jones-Roberts soli-
tons effectively behave as vortex-antivortex dipoles. As
shown in the insets of panels (a) and (c), the evolu-
tion at later propagation times z reveals complex non-
linear dynamics. Depending on the component and the
specific parameters, the structures may remain trapped
within the obstacle, as seen in (a), or migrate toward
its edges to eventually detach and be carried down-
stream, as in (c). This behavior highlights a competi-
tion between trapping within the potential and a shed-
ding process analogous to that observed in the insets
of Figs. 6a c. Importantly, we note that the topo-
logical nature of these excitations is highly sensitive
to the specific choice of parameters. Indeed, for other
obstacle amplitudes U and u, these Jones-Roberts soli-
tons can instead lie in the rarefaction-wave regime of
their dispersion relations. In this case, the phase sin-
gularities disappear, leaving single density depletions
characterized by smooth phase variations across the
structures, as illustrated in Fig. 8 where U/μ0 = 0.45,
|u|/μ0 = 0.04, and V0 = 0.15.

5 Conclusion and outlook

We have studied the critical speed for dissipationless
motion of a 2D binary superfluid of light flowing past a
repulsive obstacle with polarization-dependent ampli-
tudes. We have considered an optical fluid with sat-
urable intra- and intercomponent interactions, focusing
on the simplest case of a balanced mixture in the mis-
cible regime.

The critical speed Vc corresponds to the lowest mean
velocity below which no excitation is produced in the
fluid. We have derived this speed analytically for both
weak and arbitrary obstacle strengths. In the weak-
obstacle regime, we have employed linear-response the-
ory and showed that Vc = min{cd, cs}, in agreement
with Landau’s criterion, where cd and cs are the speeds
of sound for the density and spin Bogoliubov modes.
Their relative ordering depends on the degree of inter-
action saturation. These results are consistent with the
behavior of the drag force experienced by the obsta-
cle, which vanishes below Vc and rises sharply above cd

and cs, signaling energy dissipation via the emission of
density and spin Bogoliubov waves.

For arbitrary obstacle strengths, we have simplified
the problem using the hydraulic approximation, assum-
ing smooth density profiles, together with an incom-
pressible approximation, where densities are taken to
be velocity independent for the purpose of comput-
ing the flow. In this framework, the critical speed Vc

is determined by the conditions for strong ellipticity
of the two stationary continuity equations. It is lower
than the Landau sound velocities and depends on the
total and relative obstacle amplitudes U and u. We
have calculated Vc for both penetrable and impenetra-
ble obstacles. In the penetrable regime, it is a highly
nontrivial decreasing function of U and u, while it sat-
urates to a constant value in the impenetrable limit.
We have confirmed the analytical estimates for Vc by
real-time numerical simulations of the two coupled non-
linear Schrödinger equations. The simulations further
show that superfluidity breaks down through the emis-
sion of vortex-antivortex pairs or Jones-Roberts soli-
tons in both components, generated respectively at the
poles or inside the obstacle for the impenetrable and
penetrable cases.

The theoretical results presented in this paper nat-
urally call for further investigation. First, for a pene-
trable obstacle, we have been able to derive the crit-
ical speed only within a region of obstacle ampli-
tudes defined by condition (57). Outside this region, for
[(1 − α)/(1 + α)](1 − U/μ0) < |u|/μ0 < U/μ0, it seems
natural to assume, by continuity, that the ratio |σin|/ρin

saturates at its maximum value of unity. However, this
assumption leads to the counterintuitive prediction of
critical speeds exceeding the Landau speeds of sound.
This issue could be clarified by incorporating dispersive
effects into the theoretical framework [90–92], and by
treating the superfluid compressibility more rigorously
through Janzen-Rayleigh expansions, a task we leave
for future work. Second, a dedicated analytical study of
the magnetic, spin-type vortices and solitons observed
in our numerical simulations is warranted. These still
poorly studied nonlinear excitations are likely central
to a complete understanding of dissipation mechanisms
in 2D binary superfluids. Finally, while our analysis
for repulsive interactions is restricted to the misci-
ble regime (α < 1), the immiscible case (α > 1) rep-
resents a compelling direction for future studies. In
this regime, any homogeneously mixed preparation is
modulationally unstable in the spin channel, leading
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to spatial demixing of the two components [2]. Prop-
erly describing the onset of superfluidity would thus
require accounting for a spatially heterogeneous back-
ground (characteristic of the immiscible ground state),
a task that lies beyond the current analytical frame-
work but promises rich physics regarding the interplay
between phase separation and topological-defect nucle-
ation.
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A Landau’s criteria for imbalanced mixtures

This appendix provides results for Landau’s critical
speed when the incoming flow is imbalanced in density

and velocity. For readability, we distinguish two situa-
tions: first, when σ0 = 0 and v0 �= 0, which corresponds
to an incoming flow balanced in density but imbalanced
in velocity (Sect. A.1); and second, when σ0 �= 0 and
v0 = 0, representing an incoming flow imbalanced in
density but balanced in velocity (Sect. A.2).

A.1 σ0 = 0 and v0 �= 0

In this configuration, the relative velocity potential at
infinity φ � v0 · r (up to an irrelevant additive con-
stant), the chemical potential
μ± = [μ0 + (V0±v0/2)2]/2, where μ0 is defined in
Eq. (18), and the matrix L in Eq. (19) is given by

L

=

⎡
⎢⎢⎢⎢⎢⎢⎣

0 K2
2

iv0K cos αK
2 0

− K2
2 − 2cd

2 0 0 − iv0K cos αK
2

iv0K cos αK
2 0 0 − K2

2

0 − iv0K cos αK
2

K2
2 + 2cs

2 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

(A.1)

where αK = ∠(K,v0) and cd and cs are defined in
Eqs. (22). The nonzero v0-entries of (A.1) signal that
the total and relative fluid’s fluctuations get hybridized
compared to Sect. 3.1, which in principle precludes any
distinction between a density mode and a spin mode.
Their dispersion relations even consist of two distinct
branches, which we hereafter label “1” and “2.” They
are given by Ω0 = ±Ω1 and Ω0 = ±Ω2, where

Ω1,2 =

√
K2

2

{
K2

2
+ 2

[
cd

2 + cs
2

2
+

v0
2 cos2 αK

4
“1”±
“2”

√
(cd

2 − cs
2)2

4
+

(cd
2 + cs

2)v0
2 cos2 αK

2
+

v0
2 cos2 αK

2
K2

2

]}
.

(A.2)

The system is dynamically stable when both Ω1 and
Ω2 are real-valued for all K. While Ω1 is so for any v0,
Ω2 ∈ R for any K only when [2]

v0 < 2min{cd, cs}. (A.3)

At larger v0, a dynamical instability develops in the
v0 direction. This is signaled by a nonzero support
for Im Ω2 �= 0 at small wave numbers; as v0 increases,
this support detaches from the origin and shifts to
larger wave numbers [42]. In the dynamically stable
regime (A.3), Ω1,2 is of Bogoliubov type with sound
velocity

c1,2 =

√
cd

2 + cs
2

2
+

v0
2 cos2 αK

4
“1”±
“2”

√
(cd

2 − cs
2)2

4
+

(cd
2 + cs

2)v0
2 cos2 αK

2
. (A.4)

In the limit v0 → 0, c1 � max{cd, cs} and c2 � min
{cd, cs} obviously coincide with the density and spin
speeds of sound characterizing the balanced configura-
tion studied in the main text. Landau’s critical speeds
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for energetic stability with respect to the “ 1” and “2”
modes are given by

V1 = min
K

Ω1

K
= c1|αK∈{π/2,3π/2} = max{cd, cs}, (A.5)

V2 = min
K

Ω2

K
= c2|αK∈{0,π} =

√
cd

2 + cs
2

2
+

v0
2

4
−

√
(cd

2 − cs
2)2

4
+

(cd
2 + cs

2)v0
2

2
, (A.6)

and since V2 < V1 for all v0, V2 is Landau’s critical
speed Vc for superfluidity in this velocity-imbalanced
configuration.

A.2 σ0 �= 0 and v0 = 0

Here, the magnetization angle at infinity θ � θ0 �= π/2,
the chemical potential μ± = (μ0,± + V0

2)/2 with μ0,±
= μ0{1 ± [(1 − α)/(1 + α)] cos θ0}, and the matrix L
reads

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 K2
2 0

cos θ0K2

2

− K2
2 − 2cd

2 0 − K2
2 tan θ0

0

0 0 0 − sin θ0K2

2

−2cd
2 1−α

1+α cos θ0 0 K2
2 sin θ0

+ 2cs
2 sin θ0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

(A.7)
The total and relative linearized fluctuations of the
superfluid are also hybridized in this case. Their dis-
persion relations are of Bogoliubov type, given by
Ω0 = ±Ω1 and Ω0 = ±Ω2 with

Ω1,2 =

√
K2

2

(
K2

2
+ 2c1,22

)
, (A.8)

c1,2 =

√√√√ cd2

2

(
1 +

1 − α

1 + α
cos2 θ0

)
+

cs2

2
sin2 θ0

“1”±
“2”

√[
cd2

2

(
1 +

1 − α

1 + α
cos2 θ0

)
+

cs2

2
sin2 θ0

]2

− cd2cs2 sin2 θ0. (A.9)

In the limit θ0 → π/2, we verify that c1 � max{cd, cs}
and c2 � min{cd, cs} coincide with the density and spin
speeds of sound of the fully balanced configuration. By
construction, c1 and c2 are Landau’s critical speeds for
energetic stability of the flow with respect to the “1”
and “2” modes, respectively, and since c2 < c1 for all
θ0, c2 is the critical speed Vc for dissipationless motion,
within perturbation theory.

B Numerical methods

A standard split-step Fourier method [31] is used to
solve the coupled equations (7). In this method, the

complex field ψ±(r, z) is obtained through the following
incremental relation:

ψ±(r, z + δz) = F−1
{

e−i K2
2 δzF

[
e−iP̂±δzψ±(r, z)

]}
,

(B.1)
where F denotes the space Fourier transform, K is the
magnitude of the transverse wave vector K = Kxx̂
+Kyŷ, and P̂± = U±(r) + (ρ± + αρ∓)/(1 + βρ)
describes the obstacle and interaction potentials for the
± wave. In the simulations, we use a smoothed version
of the two-amplitude sharp disk (4), of the form

U±(r) =
U±
2

(
1 + tanh

w − r

δw

)
, (B.2)

which is more amenable to our numerical scheme. We
consider a radius w = 10, which is large enough to
match the hydraulic regime studied theoretically, and
a boundary width δw = 1 to avoid numerical difficul-
ties at short length scales. The initial light spots are
top-hat-shaped with equal intensities, ρ±,0 = 1/2, and
equal angles with respect to the z axis, v±,0 = V0x̂:

ψ±(r, z = 0) =
eiV0x

√
2

e−r6/R6
. (B.3)

The super-Gaussian weight exp(−r6/R6) defines the
radial extension of the two initial beams. In the simula-
tions, we take R = 140. To minimize transient nonequi-
librium features arising from the abrupt introduction of
the obstacle and interaction potentials at the entrance,
z = 0 interface [50,93], both potentials are adiabatically
ramped from zero to their maximum values over a few
nonlinear lengths 1/μ = 1, and the propagation is com-
puted until the system reaches a nearly stationary state.
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53. G.I. Martone, T. Bienaimé, N. Cherroret, Spin-orbit-
coupled fluids of light in bulk nonlinear media. Phys.
Rev. A 104, 013510 (2021). https://doi.org/10.1103/
PhysRevA.104.013510

54. G.I. Martone, N. Cherroret, Time translation symmetry
breaking in an isolated spin-orbit-coupled fluid of light.
Phys. Rev. Lett. 131, 013803 (2023). https://doi.org/
10.1103/PhysRevLett.131.013803

55. C. Piekarski, N. Cherroret, T. Aladjidi, Q. Glorieux,
Spin and density modes in a binary fluid of light. Phys.
Rev. Lett. 134, 223403 (2025). https://doi.org/10.1103/
s58b-3mmx

56. N. Pavloff, Breakdown of superfluidity of an atom laser
past an obstacle. Phys. Rev. A 66, 013610 (2002).
https://doi.org/10.1103/PhysRevA.66.013610

57. G.E. Astrakharchik, L.P. Pitaevskii, Motion of a heavy
impurity through a Bose-Einstein condensate. Phys.
Rev. A 70, 013608 (2004). https://doi.org/10.1103/
PhysRevA.70.013608

58. T. Frisch, Y. Pomeau, S. Rica, Transition to dissipa-
tion in a model of superflow. Phys. Rev. Lett. 69, 1644
(1992). https://doi.org/10.1103/PhysRevLett.69.1644

59. Y. Pomeau, S. Rica, Vitesse limite et nucléation de vor-
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de vortex et transition de phase du premier ordre (Uni-
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